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Seventh Progress Report  on 
STRESSES AND DEFORMATIONS I N  T H I N  
SHELLS OF REVOLUTION 
I n  t roduc  t i on 
The o b j e c t i v e  of t h i s  i n v e s t i g a t i o n  cont inues  t o  be t h e  development 
of methods of a n a l y s i s  f o r  t h i n  shells of r e v o l u t i o n  sub jec t ed  t o  a x i -  
symmetrical loading  of high i n t e n s i t y .  
P rogres s  dur ing  t h e  r e p o r t  period 
During the p a s t  s i x  months, the fo l lowing  a c t i v i t y  a s soc ia t ed  wi th  
t h e  p r o j e c t  may be noted: 
11 1. Paper on Computer Analys is  of Axisymmetrically Loaded S h e l l s  
of Revolution", by E. P. Popov and 2. A .  Lu has been presented  
a t  t h e  IASS Symposium on She l l  S t r u c t u r e s ,  September 3, 1965, 
i n  Budapest. Proceedings of the Conference a r e  i n  p r e s s  ( s e e  
i t e m  1 of t h e  prev ious  r e p o r t ) .  
2 .  Computer program- f o r  determining f r equenc ie s  a s s o c i a t e d  
wi th  axisymmetrical v i b r a t i o n s  a s  w e l l  a s  t h e  response of c i r c u l a r  
p l a t e s  and s h e l l s  t o  time-dependent f o r c e  o r  a c c e l e r a t i o n  i n p u t  
f o r  a number of boundary condi t ions  has  been completed. The 
c a p a b i l i t i e s  of t h e  developed s o l u t i o n  a r e  i l l u s t r a t e d  i n  the  
a t t ached  n o t e  on Dynamic Response of S h e l l s  of Revolution 
Based on F i n i t e  E l e m e n t  Approach", by E.  P .  Popov and H. Y .  
Chow. A more d e t a i l e d  r epor t  i s  i n  p repa ra t ion .  
11 
* .. 
2 
3. The developments achieved on the p r o j e c t  and t echn ica l  
a s s i s t a n c e  were given t o  J a m e s  C h i s h o l m ,  a graduate  s t u d e n t ,  
i n  connection w i t h  h i s  M.S .  r esearch  on pressur ized  t o r r o i d a l  
s h e l l s .  
4 .  Extensive work was  done p o s t u l a t i n g  e l a s t i c - i d e a l l y  p l a s t i c  
and e l a s  t i c - i s o t r o p i c  hardening materia 1s. Computer programs 
f o r  t he  a n a l y s i s  of c i r c u l a r  p l a t e s  have been achieved. Based 
on t h i s  work, a synopsis  of a paper has been submitted t o  the  
5 t h  U. S. Nat ional  Congress of Applied Mechanics. This 
synopsis  t i t l e d  A Bending Analysis  of E l a s t i c - P l a s t i c  C i r c u l a r  
P l a t e s "  by E. P. Popov, M. Khojasteh-Bakht, and S. Yaghmai is  
enclosed.  A more complete d e s c r i p t i o n  and ex tens ion  of t he  
developed procedures i s  i n  progress .  The s e l e c t e d  approach 
( 1  
appears t o  be s u i t a b l e  i n  general  f o r  i n e l a s t i c  response of 
r o t a t i o n a l  shel ls .  
5. The procedures f o r  developing methods of a n a l y s i s  f o r  
p r e d i c t i n g  la rge-def lec t ion  response of c i r c u l a r  p l a t e s  and 
r o t a t i o n a l  s h e l l s  remain under cons idera t ion .  
Budnet 
A budgetary s ta tement  on t h i s  p r o j e c t  w i l l  be s e n t  s epa ra t e ly  a f t e r  
t he  December expenses a r e  reported.  
Dynamic Response of S h e l l s  of Revolution 
Based on F i n i t e  Element Approach 
* ** 
E.  P. Popov and H. Y .  Chow 
SvnoDs is  
The displacement method of a n a l y s i s  u s ing  ma t r ix  procedures i s  widely 
used i n  s t a t i c  and dynamic s t r u c t u r a l  problems (Refs. 1? 21, FOP s h e l l s  o f  
r e v o l u t i o n ,  f i n i t e  elements i n  the form of con ica l  f r u s t r a  jo ined  a t  nodal 
c i rc les  have been found to  be very e f f e c t i v e  i n  t A e  s o l u t i o n  of problems 
*** 
(Refs. 3, 4 ) .  An o u t l i n e  of a s o l u t i o n  based on t h e s e  concepts f o r  
axisymmetrical  response t o  dynamic loads  is given i n  t h i s  d i scuss ion .  TWO 
examples a r e  inc luded .  The da ta  f o r  one of t h e  examples a r e  taken from a 
recent paper  by S. Klein and R. J.  S y l v e s t e r .  Exce l l en t  agreement 
**** 
between t h e  t w o  s o l u t i o n s  i s  found which s e r v e s  t o  co r robora t e  the r e s u l t s  
found independently.  The o t h e r  example shows a p o s s i b l e  advantage of t h e  
method descr ibed  he re  i n  some problems. 
* 
Profes so r  of C i v i l  Engineering, Univ. of C a l i f o r n i a :  Berkeley, C a l i f .  
** 
Graduate S tuden t ,  Univ. of C a l i f . ,  Berkeley, C a l i f .  
*** 
A more complete r e p o r t  by the  au tho r s  to  NASA is i n  p repa ra t ion .  
**** " 
The l i n e a r  e l a s t i c  dynamic a n a l y s i s  of s h e l l s  of r evo lu t ion  by the  
ma t r ix  displacement method'' Conference on Matrix Methods i n  S t r u c t u r a l  
Mechanics, Oct. 1965, Wright-Patterson AFB. 
2 
Eauat ions  of Motion 
Any s h e l l  of r evo lu t ion  c a n  be approximated w i t h  a s u f f i c i e n t  degree of 
accuracy f o r  p r a c t i c a l  purposes by a f i n i t e  number of elements c o n s i s t i n g  of 
p l a t e ,  c o n i c a l ,  o r  c y l i n d r i c a l  r i n g s .  All of such elements a r e  jo ined  a t  
nodal  c i r c l e s .  The ma t r ix  formula t ion  of t h e  gene ra l  dynamic response of 
such  a s u b s t i t u t e  s t r u c t u r e  can be s t a t e d  a s  fo l lows:  
where the  column ma t r ices  b(t)) and [q(tl \  a r e ,  r e s p e c t i v e l y ,  t h e  
gene ra l i zed  f o r c e s  and genera l ized  displacements of t he  s t r u c t u r e .  The m a s s  
ma t r ix  [ M I  and the  s t r u c t u r a l  s t i f f n e s s  mat r ix  [K] a r e  symmetrical and 
fur thermore  [K]  is  a p o s i t i v e  d e f i n i t e .  Therefore ,  Eq. 1 can be uncoupled 
( R e f .  5) and solved us ing  the normal mode supe rpos i t i on  technique. 
A d i r e c t  numerical i n t e g r a t i o n  method w a s  used i n  th i s  i n v e s t i g a t i o n  
t o  s o l v e  the  uncoupled second order  d i f f e r e n t i a l  equat ions .  For  each mode 
a d i f f e r e n t  i n t e r v a l  of time f o r  each i n t e g r a l  is  used. This procedure 
r e t a i n s  the  necessary accuracy f o r  t he  h ighe r  frequency modes and avoids 
t h e  unnecessary,  t i m e  consuming computations f o r  t h e  lower f r equenc ie s  
The mass  mat r ix  [ M I  and the s t i f f n e s s  ma t r ix  [ K ]  f o r  a whole s t r u c t u r e  
a r e  determined from t h e  assemblage of b a s i c  s o l u t i o n s  f o r  t he  elements.  
S ince  t h i s  procedure i s  w e l l  known, only t h e  formula t ion  used t o  e s t a b l i s h  
element s t i f f n e s s  and m a s s  mat r ices  i s  d iscussed  he re .  
. -  
I 
3 
The Element S t i f f n e s s  and Mass  M a t r i c e s  
The homogeneous s o l u t i o n  f o r  a b a s i c  f i n i t e  element can be expressed 
i n  ma t r ix  form a s  fo l lows :  
and 
and 
i = 1 , 2 , 3  and j = 1 , 2  ...., 6 
where [ d i ( s ,  t)) 
r o t a t i o n a l  X ( s ,  t) mer id iana l  
a r e  displacement-variables which a r e  comprised of 
V(s , t) , and normal W ( s ,  t) d isp lacements j  
a r e  fo rce -va r i ab le s  which c o n s i s t  of mer id iana l  moments { S i b  , tg 
M ( s , t ) ,  mer id iana l  s t r e s s - r e s u l t a n t s  N ( s , t ) ,  and shea r ing  s t r e s s - r e s u l t a n t s  
S S 
Qs(s,t) .  
[ X . . ( s ) ]  and [Y..(s)] a re  s o l u t i o n  ma t r i ces  of a homogeneous problem 
( A j ( t ) \  is a column m a t r i x  which can be determined 
1 J  1J 
fo r  an element. 
from the boundary va lues  a t  each end of the  s h e l l  segment. 
4 
Closed form s o l u t i o n s  of Eq. 1 were developed (Refs. 3,4 and authors  
r e p o r t  t o  NASA i n  prepara t ion)  for c i r c u l a r  annular  r i n g s ,  con ica l  f r u s t r a ,  
and c y l i n d r i c a l  segments. I n  t h i s  formulat ion,  i f  such elements r ep resen t  
po r t ions  of the  a c t u a l  s t r u c t u r e ,  no l i m i t a t i o n  on the size of elements needs 
t o  be placed.  
Using closed form so lu t ions  of E q .  1, the element s t i f f n e s s  mat r ices  [k]  
were developed and programmed f o r  the  above type of elements.  The b a s i c  
r e l a t i o n  f o r  determining [k]  can be deduced by cons ider ing  s t r a i n  energy U 
of an element,  and can be shown t o  be 
where [ T] i s  a coord ina te  t ransformation matr ix  r e l a t i n g  s h e l l  element 
coord ina tes  t o  the  g loba l  coord ina tes ,  and mat r ices  [C] and [B] a r e  mat r ices  
[ Y ]  and [ X I ,  r e s p e c t i v e l y ,  upon s u b s t i t u t i o n  i n t o  them of the  boundary values  
of s .  Since t h i s  r e l a t i o n s h i p  is but  a s l i g h t l y  d i f f e r e n t  form w a s  previously 
repor ted  ( R e f s .  3 , 4 ) ,  no f u r t h e r  comments w i l l  be made here .  
To determine the m a s s  matrix [m]  f o r  an element,  the fundamental d i s -  
p la  cement-varia b l e  vec tor  ( d i ]  , Eq. 2, must be r e -cas t  i n  terms of i ts  
s i x  genera l ized  g l o b a l  nodal coord ina tes ,  i . e . ,  
here i = 1,2,3 and j ,  k ,  m ,  = 1,2,3 .... 6. 
5 
The gene ra l  expres s ion  f o r  t h e  k i n e t i c  energy T( t )  (Refs. 6,7) of a 
s h e l l  element can be w r i t t e n  a s  
where m is mass p e r  u n i t  of su r f ace  a r e a ,  and p is  t h e  r a d i u s  of gy ra t ion  
of t he  s e c t i o n  of a s h e l l  segment. 
A 
Upon s u b s t i t u t i n g  t h e  displacement v a r i a b l e s  involved i n  Eq. 5 i n t o  Eq. 
6 ,  one o b t a i n s  
(7) 
By comparing t h i s  complex matrix express ion  w i t h  t h e  usua l  one f o r  
k i n e t i c  energy, d e f i n i t i o n  of t h e  mass mat r ix  [ m ]  is obta ined:  
[ m ]  = [TIT [ B - l I T  [ 1 211 [ E ( s ) ]  r ( s )  d s ]  [ B - l ]  [TI ( 8 )  
S 
This element mass mat r ix  [m]  was determined and programmed f o r  annular r i n g s  
us ing  an e x a c t  displacement f i e l d .  For con ica l  f r u s t r a  t h e  mass mat r ix  
[ m ]  f o r  an element ( R e f .  6) was developed on t h e  b a s i s  of an assumed 
polynomial f u n c t i o n  t o  r ep resen t  t h e  displacement f i e l d .  For the  above 
reason ,  t he  range of a p p l i c a b i l i t y  of t he  developed program as i t  r e l a t e s  
t o  the  s ize  of elements is  d i f f e r e n t  f o r  t h e  two cases. 
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Examples and Conclusions 
A s  the f i r s t  example consider an e l a s t i c  c i r c u l a r  p l a t e  clamped along 
t h e  edge sub jec t ed  t o  a r i n g  load a s  shown i n  F ig .  1. The r i n g  load P i s  
app l i ed  a s  a s t e p  f u n c t i o n  i n  t i m e .  To determine t h e  dynamic response of 
t h i s  p l a t e  by t h e  developed method, only two elements need t o  be used, 
s i n c e  both  the  [m] and [k]  mat r ices  a r e  programmed us ing  the  e x a c t  d i s -  
placement f i e l d .  A l t e r n a t i v e l y ,  an  a r b i t r a r y  number of elements may be  used 
and 20 elements were s e l e c t e d  t o  o b t a i n  a s o l u t i o n  f o r  comparative purposes.  
The r e s u l t s  of t h e  two s o l u t i o n s  a r e  p l o t t e d  i n  F i g s .  4a and 4b. Di f fe rences  
between the  two s o l u t i o n s  a r e  n e g l i g i b l e .  The s o l u t i o n  based on the  use  of 
20 elements a c t u a l l y  is  a l i t t l e  less a c c u r a t e  due t o  t h e  unavoidable 
accumulation of numerical errors. 
* 
The second example is f o r  the dynamic response of a shallow s p h e r i c a l  
cap  shown i n  Fig. 2. The d a t a  a r e  from t h e  Klein and S y l v e s t e r  example. 
The r e s u l t s  of an output  f o r  a 14 element s o l u t i o n  a r e  shown i n  F igs .  5 a ,  
5b and 5c. These r e s u l t s  a r e  seen t o  be i n  e x c e l l e n t  agreement wi th  t h e  
Kle in  and S y l v e s t e r  s o l u t i o n  and th i s  provides  a good check on t h e  two 
independently developed programs. I n  the  s o l u t i o n  of t h i s  problem no 
advantage can be gained by tak ing  l a r g e  f i n i t e  elements. 
The developed program of course a l s o  can be s u c c e s s f u l l y  appl ied  t o  
deep s h e l l s  a s  w e l l  a s  t o  s h e l l - l i k e  enc losu res .  For  example, t he  dynamic 
* 
A d i s k  of 10 i n .  r a d i u s ,  and an annular  r i n g  bounded by 10 i n .  and 20 
i n .  r a d i i .  
. 
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response  of t he  sphere  shown i n  F i g .  3 was r e a d i l y  found us ing  a s o l u t i o n  
based on 50 elements.  (Resu l t s  no t  r epor t ed  h e r e ) .  
The dynamic response of l i n e a r  e l a s t i c  s h e l l s  of r e v o l u t i o n  of a r b i t r a r y  
mer id ian  shape and th i ckness  v a r i a t i o n  can be determined us ing  f i n i t e  element 
approslch. The accuracy appears  t o  be e x c e l l e n t ,  and once a program is 
developed a s o l u t i o n  is  achieved very r a p i d l y .  Occas iona l ly ,  s o l u t i o n s  
based on exact displacement f i e l d s  f o r  an element mass and s t i f f n e s s  ma t r i ces  
may prove advantageous. 
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A BENDIXG ANALYSIS OF ELASTIC-PLASTIC CIRCULAR PLATES 
Egor P. Popov 
M. Khojasteh-Bakht 
S .  Yaghmai 
Un ive r s i ty  of C a l i f o r n i a  , Berkeley 
A gene ra l  bending a n a l y s i s  of c i r c u l a r  p l a t e s  wi th  sma l l -de f l ec t ions  and 
a x i a l  symmetry is  developed i n  the paper.  I t  i s  pos tu l a t ed  t h a t  t h e  Kirchh- 
o f f ean  assumption n e g l e c t i n g  shea r ing  e f f e c t s  i s  a p p l i c a b l e ,  and t h a t  t h e  
von Mises y i e l d  cond i t ion  w i t h  the a s soc ia t ed  flow r u l e  ho lds .  The s o l u t i o n s  
a r e  obtained f o r  e l a s t i c - p e r f e c t l y  p l a s t i c  s o l i d  a s  w e l l  a s  f o r  i s o t r o p i c  
hardening m a t e r i a l .  I n  both in s t ances  incremental  c o n s t i t u t i v e  l a w s  a r e  
used which have caused a cons iderable  mathematical d i f f i c u l t y  i n  t h e  s o l u t i o n  
of boundary va lue  problems. 
The numerical s o l u t i o n s  a r e  achieved by d i v i d i n g  a p l a t e  i n t o  s m a l l  
c i r c u l a r  a n n u l i i  and a number of very t h i n  l a y e r s  a long  i ts  depth.  
I n  l i n e a r  theory of p l a s t i c i t y  t h e  i n f i n i t e s i m a l  increments of s t r a i n  
and stress t enso r s  a r e  r e l a t e d  l i n e a r l y .  I n  t h e  proposed s o l u t i o n s  the  
i n f i n i t e s i n a l  increments a r e  replaced by s m a l l  f i n i t e  incrernents ~ Within 
an increment t h e  change of m a t e r i a l  p r o p e r t i e s  1s accounted f o r .  A t  any 
s t a g e  of l oad ing ,  r e l a t i o n s  analogous t o  those f o r  a n i s o t r o p i c  e l a s t i c  
media between t h e  stress and s t r a i n  increment t enso r s  a r e  used. For each  
increment of l oad ing  t h e  problem i s  reduced t o  a s o l u t i o n  of non-homogeneous 
a n i s o t r o p i c  l i n e a r  e l a s t i c  problem. The problem i s  formulated i n  ma t r ix  
a lgebra  us ing  t h e  s t i f f n e s s  method. 
* 
This r e sea rch  was supported by NASA under N s G - 2 7 4  g r a n t .  
Examples of s o l u t i o n s  f o r  simply supported and fixed-ended p l a t e s  a r e  
g iven  f o r  e l a s t i c - p e r f e c t l y  p l a s t i c  and hardening m a t e r i a l s .  The ques t lons  
of s o l u t i o n  convergence and t h e  e f f e c t  of loading pa ths  a r e  d i scussed .  
Comparison i s  made wi th  some e x i s t i n g  s o l u t i o n s  for p l a t e s  based on t h e  
deformation ( t o t a l  s t r a i n )  theory of p l a s t i c i t y .  Extension of t he  proposed 
approach t o  o t h e r  axisymmetrical problems i s  ind ica t ed  
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